A 


Abstraction, 94—95 
mental models, 94—95 
spatial structuring, 94 

Achievement 
in geometry, 97 

Activities, x 
All, Some, or None, 211 
angle, 129-32 

calculator drawings of prairie plants, 
67-76 

Can You Make It? 113—17, 119-21 

construction game, | 78—80 

Creating a Mobile, 211, 212—13 

discovering symmetries, 2 

folding polygons, 77-87 

hand drawings of prairie plants, 
64-67 

Hiding Shape Makers, 118-19, 
121-23 

law of sines, 181—83 

Mobius strips, 34-40 

Mobius tori, 43-44 

paper folding to study non-Euclidean 
geometry, 53-61 

radians, 183—85 

spatial development, 142—53 

Three of These Things Belong 
Together, 211 

Triple Play, 211 

You Either Have It or You Don’t, 
209-10 


yes 


Alexandrov gluing, 80 
Alexandrov’s theorem, 80-81 
Algebra 
connections to geometry, 155, 
349_6§ 
integrated into geometry, 315 
related to geometry formulas 
Algebraic expressions, 297-313 
Algebraic properties, 298, 303-4, 308, 
310 
Alignment, Principles and Standards 
principles and textbook, 337 
338, 347 


Angles, ix, 127-38 


activities, 129-32 
alternate interior, 339-40 
classification, 135—36 
concept, 96 


conceptions, 127, 128-29 


estimation, 131 

external on plane curve, 50—52 
external on surface, 53 
inscribed in a eircle, 291, 295 


129-32, 136 


measure, 
research, 128—29, 133 
sum in polygon, 343 
sum in quadrilateral, 336, 342-43 
sum in triangle, 336—42 
understanding, 133 
uses, .137 

Apothem, 312 

Archimedean solid, 77 

\rea 
formulas, 297-313: see also 

Rectangle, Triangle, etc 

of similar polygons, 263-64 

9-80. 182. 185. 186. 


Assessment, 109, | 
187, 330. 331-32 
Asymmetry, defined, 19 
Attractor, 72—73 
Ax1omatizing, 190 


Axioms, IX, XII 


B 


Banach-Tarski paradox, 9 
Biconditional, 193—94 
Bill, Max, 33, 44 
Biogenetic principle, 189 
Bos, Caroline, 45 

Brown, Cameron, 42 


Cc 


Cabri Geometry— See Interactive 
geometry software 
alatrava, Santiago, 46 
ategorical reasoning, 109-24 
itegory membership, 110—12 
hambord chateau, 45 
hirality, 43 


ircles, 183-85, 200, 273, 278-79, 280 
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excircle, 350, 353—57 
incircle, 349, 350, 352—57 

intersections with square, 284-95 
lassification, 191 

hierarchical, 94 

intersections of circle and square, 


286-90, 295 


oaching, 176-77, 185-86 
ognitive conflict, 230 

‘ollage theorem, 76 

‘ollins, Brent, 44 

ommunication, 213, 215-18, 316; 


see also Vocabulary 
oncave, 192 
oncept, 95 
formal, 95—96 
natural, 95—96 
oncept definition, 95 
oncept image, 199-200 
oncept learning, 95-96 
ongruence, 320-23 
onjecturing, 116—17 
250-51, 256, 
283, 284, 287, 323, 324, 335, 
338. 347 
research, 226-31 
onnected Mathematics Project, 133 
onnections, 175, 186—87 
onstructions, 100 
199, 235-49, 256-57, 259-65, 
272-73, 274-77 


angle bisector, 229 


» 


30 

circle and square intersections, 290 
95 

versus drawing, 221—24, 228 

ontinuity, 289 

ontract 


for learning and teaching, 329-30 


onvex, 192 
‘ooperative learning, 177—86, 322-30, 
332 


ounterexamples, 104, 195 
urriculum, 142, 144 
integrated, ix, xii, 315—32 
teachérs’ uses, 335-48 
urriculum Focal Points for Pre-K—8 
Mathematics 


recommendations regarding angles, 
127 


‘urvature, 49-6] 


101. 178-80. 196-98. 


Gaussian, 49, 52—53, 55—5 


negative, 59 


tv 


of curves on Euclidean plane, 50—5 
55 
of surfaces, 52—55 


3 §§.§ 58 


total of a surface, 52, 5 
Cylinder 


from Mobius strip, 36-40 


D 


Data compression, 76 
DaVinci, Leonardo, 45 
Deduction, 123, 235; see also Deductive 
system, Proof 
among polygon area formulas, 297 
313 
Deductive reasoning 
research, 226-31 
Deductive system, 198 
Defining, 113, 189-201; see also 
Definitions 
by students, 286-88 
Defining properties, 94, 96 
Definitions, ix—x, xii. , 92-93, 94, 95, 96, 
189-201; see also Defining 
arbitrariness, 190-91, 198, 201 
benefits, 189, 191 
convenient, 199 
correct, 193-94, 200, 201 
deductive economical, 199 
economical, 196-99, 200, 201 
exclusive, 19] 
hierarchical, 191—93, 195, 200 
inclusive, 191, 195 
incomplete, 195 
incorrect, 194, 201 
inverse-hierarchical-partition, 193 
not just one, 190-91 
partitional, 191—93 
Degree/radian ruler, 183-84 
Descartes’ theorem, 49-55 
Diagram, 96—97 
versus figure, 222 
Discourse, 113, 116-17, 123-24, 175, 
184, 284-95 
Discovery, 76, 176, 177-87, 234, 250—52 
theorems by students, 269-79 
Dissemination, 265-66 


Distance, ix 


concept of, 11—14 
Euclidean, 11 
Hamming, 13-14 
in the plane, formula for, 317-18 
taxi-cab, 12 
DNA, 45 
Doughnut—See Mobius torus 
Dragging, 100—101, 200, 222, 223, 224 
Drawing 
versus construction, 221—24, 228 


Drobny, Peter, 44 


E 


Einstein 

theory of relativity, 49 
Eisenman, Peter, 45 
English language learners, 169-70 
Environment 

classroom, 329—30 
Erdés, Paul, 14 
Escher, M. C., 42; 44 
Euclid, ix, 289 

Elements, 9, 14, 256—5 


fifth postulate, 59-61 


quadrilateral definitions, 192 
Euler phi—function, 43 
Euler’s formula, 54 


+2 50_59 


Exploration, 234, 


F 
Fawcett, Harold, xii, 316 
Ferguson, Helaman, 44 
Fermat point, 272-73 
for quadrilaterals, 240-42 
for triangles, 236—40 
Fibonacci sequence, 275—76 
Foldability, 79 
Fostering Geometric Thinking in the 
Middle Grades professional 
development program, 158-70 
attention to teachers’ learning, 168 
69 
framework, 161-64 
materials development, 164-68 
Fractal geometry, 63—76 
Frieze patterns, 22—31 
crystallographer notation, 30 


periodic, 27, 29-31 
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G 


Gauss-Bonnet theorem, 56 
Generalization, 158, 160, 165-67 
Geocadabra, 142—45,150—52 
Geodesics, 55—58 
Geometers’ Sketchpad—See Interactive 
geometry software 
Geometric Habits of Mind—See also 
Habits of mind, Mathematical 
power! 
balancing exploration and reflection, 
161, 163-64 
criteria, 160 
defined, 158—60 
generalizing geometric ideas, 158, 
165—68 
indicators, 161, 162, 163, 164, 165 
67 
investigating invariants, 157-58, 
162-63. 165 
reasoning with relationships, 157 
161-62, 165 
Geometric Supposer, 227—28 
Geometries 
Euclidean, hyperbolic, elliptic, 
projective, finite, 11 
Geometry 
analytic, 67 
curriculum, 142, 144 
demonstrative, ix 
elliptical, spherical, 53, 57, 59, 60, 
61 
etymology, 9 
Euclidean, 55, 59, 60, 61 
history, 9-11 
hyperbolic, 53, 57, 59 
informal, x 
integrated course, 315-3 
non-Euclidean, 49, 52, 53, 59 
projective, 10 
standard, 34 
synthetic, 324-25 
with coordinates, 315—32 
( scometry *s Future conference, xi 
GLaD construction, 274—77 
Golden ratio, 256—58, 260 
Golden rectangle, 260-61 
Graph of a polyhedron, 6 
Graphing calculator, 67—76, 324 
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for angle activities, 131, 131—32 Justifying 
Group, symmetry, 22 research, 100, 101—5 
Justifying, 250—51, 316, 324, 340-42 
H see also Justification 
research, 226-31 
Habits of mind, 63, 159-61, 250, 283: 
see also Geometric Habits of Mind 
Heron’s formula, 351—52 
Hilbert, David, 289 Kite, 100, 195, 196-98, 199, 200 
Hinged figures, 297-313 irea formula, 311 
Holmes, Sherlock, 28—3 | vith Shape Makers, 113—17, 118-19 
Hyperbolic paper, 58-60 Klee—Chvatal art gallery theorem, !4 
Klein bottle, 37 
| Klein, Felix, 189 
' ' Knot theory, 36, 40 
mage compression, 63 ciel heli iad 
Inference 
empirical, 93 
logical, 94 L 
Inquiry teaching, 280-8] Lakatos, Imre, 288 
Instruction, 98, 99, 100, 101, 102, 103 Language 
109, 123-24, 167-70 challenges, 213—14 
for spatial thinking, 145 development, 169-70 
Interactive geometry software, 20, 24, 26 for spatial visualization, 145, 146 
109-24, 160, 178-80, 195—96, teaching strategies, 209-10, 213 
199-201, 221-31, 233—52, 253 215-18 
256-65, 267-81 Latin cross, 84-86 
benefits, 233, 280 Law of sines, 181-83 
Cabri Geometry, xi, 98, 221, 233 Learning, 91—105 
267, 279 Lesson design, 335-48 
Geometer’s Sketchpad, xi, 93, 178 Locus, 317-18 
80, 221, 222, 223, 227, 233-51, Logo, x, 128 
267, 270, 285, 292-94, 295, 323. Logo Light, 131—32 


335. 346. 34 


research, 98—103, 105 M 


with preservice teachers, 279-80 
Mathematical knowledge for teaching 


) 


Invariance, 157—58, 162—63, 165 

= + LOA 

lsometry, | 320 ; 
glide reflection. 18. 24 Mathematical power, 159; see also Habits 
~ L ' ii. 


reflection, 18, 24 


) Matrix algebra. 64, 67—69, 74 
rotation, 18, 24 ‘ : 


of mind 


Max Reinhardt Haus, 45, 46 
Metacognition, 164 
Minimality 


translation, 18, 24 
lsosceles trapezoid, 194-95, 199-201. 
456 


—— in definitions, 196, 198 
Iterated function system (IFS). 63. 6 — — 


7.16 Mobius Band Bridge, 33 
b* ) 7 
Mobius House Het Gooi, 45, 46 
J Mobius prism, 45, 46 


Mobius strip 


217 305. 


Justification, 2 


7Or 2 > 
285, 300, 30] 


applications, 33, 36, 44 
306, 307, 308, 311: see also explorations, 34-40 
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' " 2A 1 
properties, 34-40 


Mobius torus 


applications, 44-47 


explor itions. 4 j 
notation, 42 
properties, 40-44 


Mobius. August I 


Modeling, 233 


r li 
ecessary cond 


N 
Net 
Nets of three-di 
“New math 
Non 
Number theor 

for MO6bius tori, 4 


Euclidean geo 


O 


Oblong. 


~ 


iV 


Optimization, 361— 


p 


Paper models, 56—6 
Parallel lines 

on hyperbolic p 
Parallelogram, 98—99 


st)4 


area formula 


area relation to rect 


centroids of trian 


with Shape Maker 


Parent concert 


1s. 33 
Perimeter 

of similar polygor 
Perimeter halving, 82—8 
Periodic 

defined, 27 
Perrella, Stephen, 45 
Platonic solid. 77. 79 


> 579 9579 °9 


Polya, 102 
Polygon 
convex, 81—84 
defined, 77 
interior angle sum 


nonconvex, 84-86 


336 


343 


16 
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ingle sums. 53—5 
( 7 _Reé 
lefined 
x. Re 
ri f 
lc s 18 
P 
nda choot 35-48 
5 f Sch 
lf 1 336-37. 338 
4? 348 
| ! Princip 6. 336-3 
, 
2 34 
( datio rding angle 
| hit pp n 74 
C 1g | cy 
Nn NOS! U 66 
7 
( > ‘4M 
Or 44-56 
eralization, 254—56, 258—59, 266 
pe ded, 294-95 
spec t10 54-56 
| QR5 332 952 
S6. I5R—590 P66 316 33 
m.-h | , 
: 1% 29 
ple tion challenges, 326-3 
nple de opmen 6 
rea of triangle from midpoints 
"92499 
f 
is a foundation for later learning 
mstruction game, | /S—s0 
ymstructions from sides of a 
wie SY-H 
clic Quadrilateral s-—/9 
guidecomposability, 8—9, 16 
Fermat's problem for quadrilaterals 
1404? 
nat’s problem for triangles, 236 
40) 
foldu boxes 5-6 . 
folding polygons to polyhedra 


“A 
Gamow’s treasure, 234—35 


graphing calculator screen, 4—5 
graphing quadratic equation’s 


imaginary solutions, 277—78 


guarding an art museum, 3—4, 15 
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Heron’s problem 24849 
intersections of circles and squares 
284-95 


R34 


law of sines, 18 
leaf comparison, 12—13 
longest ladder, 357-61 


~~ 


36-48, 272 3 


minimization, 2 

n—secting sides of triangles, 269-72 

perimeter of triangle with fixed base 
endpoints, 166-67 

periodic frieze patterns, 30-31 


polygons from centroids of triangles 


in quadrilaterals, 254—56, 261-63 


polygons inscribed in a circle, 256 


58 

quadrilateral with consecutive angle 
bisectors perpendicular, 10] 

quadrilateral with two right angles 
and no parallels, 156, 161, 162 
163. 164 

radi of incircles and excircles, 350 


57. 364 


representing polyhedra, 6 


robot arm, 7—8, 15 
rugby. 360—63 
spell checker, 13—14 
subdividing a segment, 274—77 
system of roads for a square, 243-46 
two squares form a third, 327-29 
Viviani’s problem, 246-48 
Professional development, 330 
Professional development projects 
Fost ring Geometric Thinkine in the 
Vidde Grades, 155-70 
Project M*: Mentoring Mathematical 
Minds, 206 
Projective plane, 37 
Proof, x, xu, 19-3] 
260, 263—64. 265. 267-81. 283 
288—95, 298. 316. 322-26. 336. 
338-42. 342-343. 343-46: 
also Proving 
foundation for, 179 


from the book 


Erdés), 14—15 
issues with diagrams, 97 


midpoint construction, |79—80 


research, 94, 97-98, 100, 103-5 
schemes, 226 
' 


Proportional reasoning, 16] 


Prototype effect, 110—12 


Index by Topic 


Prototypes, 109-24 


> , | ] 
Proving 190. 198: see also Proot 


Pythagorean theorem, 293, 294, 295 
i On eye 


3 is 3/79 


Q 


Quadratic equation 





ma solutions, 277—78 
Quadrilaterals. 190. 191. 194. 196. 20 
205-19. 254-56. 259-64 


i/so |sosceles Trapezoid, K ite 
Parallelogram, Rectangle 


Rhor 


ibus square, It ipeZoid 


circumcenter, 278—79 


5 » 77 = 109? 
cvclic 62-63 & Q 99 
hier } WSS 
= itl < 

249 
interior al 550, 342-45 





Lambert, 59 


research on students’ thinking, 228 


vith two right angles, 166 


Questioning, 160, 161-64, 167, 168, 169 


51, 268, 279-80, 285, 291. 299 


Radians, 183—85 


Reasoning, 315—32 


. see also Deductior 
Justification, Conjecturing 
deductive, 9, 28-30, 93-94 
with relationships, 157, 161-62, 165 
Reconstructive approach, 189-90, 209 
Rectangie, 99, 190, 191, 194, 195, 199 


“ 


200. 201 


area formula, 299 


on a hyperbolic plane, 6( 
symmetries, |9—22 
Recursion 346 

R +) 1 


Criecuion 


al >} 
is learning process, 316 


Reflections 


in three dimensions, 149-50 
Refutation, 284, 286—90 
Regular polygon 

area formula, 311—13 

irea related to parallelogram, 311—12 

area related to rectangle, 312—13 
Representations, 96-97, 294: see also 


Tools 


+ 


graphical, 142 
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symbolic (semiotic). 142 curvature. 56 
Representing, 233—52 topological, 80, 83 
Research, xi, 9 05 Spiral curriculum, 317—18 
interactive geometry software, 221 Square, 99, 190, 191, 193, 194, 195, 199 
3] 200. 201. 217 
students’ reasoning and proof, 22¢ intersections with circle, 284—94 
3 | vith Shape Makers, 110 
students’ understanding of figures Standards, x, 283: see also Principles 
and properties, 222—25 ind Standards for School 
Rhomboid, 192 Vathemat 
Rhombus, 190 ) 93, 195, 198, 199 for geometry, 34, 315—16 
200 Standards—based curriculum, 326 
vith Shape Makers, 119-23 Steiner, Jacob, 276 
Robinson, John, 33—34, 44 Strategies 
Rotation, 128-29, 137 proactive, 224-25 
reactive, 224-25 
SS Structured exploration process, 158—59 
. - Students 
Scaffolding, 318, 329 _— > 
anticipating responses of, 291-92 
Segment = 
sah Wate being challenged, 268 
subdividing } ge 
collaboration by, 123—24 
Shape Makers—See Software oh 
aoc p invention by, xi, 254-56, 264—66 
Similarity, 262—64 ; 
: Students ’—See a Understanding 
circles, 184 Gd 71 #94 
RS Dap ae eo connaence i ee 
Smile Math, 131, 13 36 sail cal che a 
se engagement 5—87, 288-94, 316 
Socratic approach, 279-81 
engagement in defining, 190 
sottware—See a nteractive geometr 
misconceptions, 19 
software JOA 
ownership of ideas, 284 
Cabri Geometry—See Interactive . 
role, 329-3] 


geometry software 7 
a spatial visualization, 146—50 
computer algebra system, 350 ‘ si 
. ‘ theorems proved, 269—/9 
constraint-based, 349-50 
sap thinking, x, xi, xii, 111 
construction-based, 349 e 
156. 169. 284—94. 316 
Geocadabra, 142-45, 150—5 
’ thinking, interview to probe, 192—93 
Geometel! s Sketchpad SE¢ ' - 
thinking, methods to collect, 159 
Interactive geometry software eee : 
ie Sufficient conditions, 193-95, 196 
Geometry Expressions, 350 aa ae i 
: Symmetry, 17—31. 116-17. 191, 201: sec 


interactive geometry software, YS 
349-65 

Maple, 350 

Shape Makers, 98-100, 110-24 


ilso Transformations 


an attribute, 17 


' > 
iS a reasoning tool, 161—62 


color, 31 
4 . 


symbolic geometry, 349-65 


Soma cubes, 142-50 7 
1S 





2. 360. 364 
Spatial development activities, 142—53 


of design, 17 


Spatial operational capacity Sloe 
re gp rotational, 520 


intervention, 144-5 
model, 142-43 


Spatial thinking, 141—53 T 


type, 21, 27, 30 


uses, 14] 


Sphere, 37 Tangent, 286, 288-89 








374 


lTangram, & 
Teacher 
role. 123—24. 175—87. 297-99 
role in curriculum, 336 
Teacher education, x, 155—70, 206, 234 
49. 268. 279-81. 335-48: sex 


also Professional development 


regarding angle conceptions, 127—38 
secondary school. 253—266 
Teaching 
collaboration, 177, 187 
establishing norms for proof, 230 
for conceptual understanding, 175 
RX. 205-19 
lesson design, 335-48 
lechnology—See Interactive geometry 
software, Graphing calculator 


soltware 
students decide when to use, 324 
Tetrahedron 
irregular, 81—83 
Textbooks 
by Svenson, 315 
by Wentworth, 316 
Discovering Geomet 1) 
Investigative Approach. \ 335 
Phillips Exeter Academy, 316—32 
teachers’ uses, 335-48 
Three-dimensional visualization, 141—53 
lhulaseedas, Jolly, 46 
Thurston William, 58 
Third International Mathematics and 
Science Study (TIMSS). 176 
Tools. 195. 290. 295 


Topology. 36 


Torus—See Mobius torus 
Transformations, |7—31. 63—76. 162-63 


180° rotation (half-turn), 25, 26, 30 
298 


composition, 20 


7A 9 


glide reflection, 18, 24, 26 


matrix representation, 68—69 
of coordinates, 63—64, 67—76 


reflection, 18, 19, 24, 25, 26, 30, 222 


92 

rotation. 18. 19. 67. 68 69. 70 72 
225. 297-313 

79 


scaling, 67—68, 70 
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tial 149 
spatial, 142 


translation 


a? 
Trapezium, 197 


Trapezoid, 112, 194-95, 199-201, 21 


ee also |Isosceles trapezoid 
area formula, 306—10 
irea related to parallelogr im. 306—9 
irea related to rectangle, 310 


definitions of, 206 





clogram as special case of, 101 


Ss 


Triangle 





area formula, 297, 299-304 

area relation to parallelogram, 304-6 
ation to rectangle, 299-304 
circumcenter, 318 

congruence, 
congruence definition, 198 


in proot of midpoint constructior 


n—section points of sides, 271 

on a cube, 56—57 

on a sphere; 56 

right triangle formed by sides of 
regular polygons, 257—58 

similar, 274-77 


sum ol 


interior angles, 336—42, 347 
theorems, 269 


trisection points of sides, 269 


lriangulating a polygon, 14-15, 344-45 


Trigonometry, 181—85 


U 


Understanding, 332 


| 


developing, 321 


research on, 91 


Ushio Keizo, 44 


Vv 


van Berkel, Ben, 45 
van Hiele, x, xi 


levels, 91—94. 95. 96. 98. 99-100. 
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101. 105. 133. 134. 135. 136 
137, 206, 207-8, 218, 318-19 
phases, 208, 319 
Vatican museum, 45 
Vector, 322, 323 
Vertex, 286, 288-89 
Video, 159 
Visual phenomena, 14 
Visualization—See Spatial thinking 


Vocabulary—See also Language 


A 


de\ elopmen 


= 


spatial, 145 


WwW 


Walter, Marion, 269 
Wilson, Robert, 44 
Word wall, 218 
Writing, 280 


Y 


Yearbooks 
1987, Learning and Teaching 
Geometry, K—12, x 
fifth, The Teaching of Geometry, ix 
thirteenth, The Nature of Proof. xii 
thirty—sixth, Geometry in the 


Mathematics Curriculum, ix—x 
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